ON NON-CONGRUENT NUMBERS
WITH 1 MODULO 4 PRIME FACTORS

YI OUYANG AND SHENXING ZHANG

ABSTRACT. In this paper, we use the 2-decent method to find a series of odd

non-congruent numbers = 1 (mod 8) whose prime factors are = 1 (mod 4)

such that the congruent elliptic curves have second lowest Selmer groups, which

includes Li and Tian’s result [L'T'00] as special cases.
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1. INTRODUCTION

The congruent number problem is about when a positive integer can be the area
of a rational right triangle. A positive integer n is a non-congruent number if and
only if the congruent elliptic curve

E:=EM™ % =23 _p%s

has Mordell-Weil rank zero. In [Keq08] and [Fen97], Feng obtained several series
of non-congruent numbers for E(™ with the lowest Selmer groups. In [LT00], Li
and Tian obtained a series of non-congruent numbers whose prime factors are = 1
(mod 8) such that E() has second lowest Selmer groups. The essential tool of the
above results is the 2-descend method of elliptic curves. In this paper, we will use
this method to get a series of odd non-congruent numbers whose prime factors are
= 1 (mod 4) such that E(™ has second lowest Selmer groups, which includes Li
and Tian’s result as special cases.
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Suppose n is a square-free integer such that n = p;---pxr = 1 (mod 8) and

primes p; =1 (mod 4), then by quadratic reciprocity law (1’)’—) = (%’)
y i

Definition 1.1. Suppose n = p1---pr = 1 (mod 8) and p; = 1 (mod 4). The
graph G(n) := (V, A) associated to n is a simple undirected graph with vertex set

V := {prime p | n} and edge set A := {pg: (%) = -1}

Recall for a simple undirected graph G = (V, A), a partition V = VyUV] is called
even if for any v € V; (i = 0,1), #{v = Vi_;} is even. G is called an odd graph if
the only even partition is the trivial partition V = () U V. Then our main result is:

Theorem 1.2. Suppose n = p1---pr = 1 (mod 8) and p; = 1 (mod 4). If the
graph G(n) is odd and 6(n) (as given by (4.2)) is 1, then for the congruent elliptic
curve E = E™M),

rankz(E(Q)) = 0 and III(E/Q)[2%] = (Z/27,).
As a consequence, n is a non-congruent number.
The following Corollary is Li and Tian’s result, cf. | ]:
Corollary 1.3. Suppose n = p1---pr and p; = 1 (mod 8). If the graph G(n) is
odd and the Jacobi symbol (HT‘/_T) = —1, then for E = E(”),
rankz(E(Q)) = 0 and III(E/Q)[2°°] = (Z/27)*.

As a consequence, n is a non-congruent number.

2. REVIEW OF 2-DESCENT METHOD

In this section, we recall the 2-descent method of computing the Selmer groups
of elliptic curves. This section follows | | pp 232-233, also cf. | ] §5 and
[ ] X.4.

For an isogeny ¢ : F — E’ of elliptic curves defined over a number field K, one
has the following fundamental exact sequence

0— E'(K)/pE(K) — SY(E/K) — II(E/K)[¢] — 0. (2.1)
Moreover, if ¢ : B/ — E is another isogeny, for the composition ¥ o ¢ : E — E,
then the following diagram of exact sequences commutes (cf. | ] p5):
0 0 0
L1 L2
\ \

0 —— E'(K)/pE(K) —— S¥(E/K) ——1I(E/K)[¢] — 0

: |

0 —— E(K)/¢pE(K) — SY9(E/K) — II(E/K)[g] —0

|

0 —— E(K)/YE'(K) —— SW)(E'/|K) ——1I(E'/K)[¢)] —=0
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Now suppose n is a fixed odd positive square-free integer, K = Q, and E/Q, E’/Q,
©, ¥ = ¢V are given by

E=E" 2 =25 _n%, E = E(n) cy? =% 4 dn’a,
y* y(@® +n?)

(p:E_>E/7 (xuy)'_)(ﬁv 72 )7
2 2 2
_ y- ylz” —4n%)
Y E' = E, (z,y) — (@, T)

Then @) = [2],9¢ = [2]. In this case 1 and 15 are exact. Let St)(E’/Q) denote
the image of S¥)(E/Q) in S™)(E'/Q). Then
#5)(B/Q)

#UL(E/Q)[p] = m» #UI(E'/Q)[¢] =

#SW(E'/Q)
ZE(Q)/E Q)
B #S5(#) (E/Q) - #g(w(E//@)
#HHE/QR = 5 0B Q) #EQ) v E @) 22)

Similarly, for [2] = po4 : E' — E’, 11 and 1 are exact, and

#5W(E'/Q) - #59)(E/Q)
LITI(E' /Q)[2] = . 2.3
EIOR = 4 E@E @ #P Qe E@ 2
The 2-descent method to compute the Selmer groups S(#)(E/Q) and ™) (E’/Q)
is as follows (cf. | ] for general elliptic curves). Let
S = {prime factors of 2n} U {oo},
Q(S,2) = {b€ Q*/Q*?: 2| ord,(b),Vp & S}.
Note that Q(.S, 2) is represented by factors of 2n and we identify these two sets. By
the exact sequence

0 — E'(Q)/E(Q) 5 Q(S,2) > WC(E/Q)[g),

and

where
i (z,y) >z, O 1, (0,0)— 4n?, j:d—{Cy/Q}
and Cy/Q is the homogeneous space for E/Q defined by the equation
Cy i dw? = d? + 4n?2*, (2.4)
the o-Selmer group S¥)(E/Q) is then
SN(E/Q) = {d e Q(S,2) : Ca(Qy) #0, Vp € S}
Similarly, suppose
Cl - dw?® = d* —n?2*. (2.5)
The t-Selmer group S¥)(E’/Q) is then
SUNE'|Q) = {d € Q(S,2) : Cy(Qy) # 0, Vp € S}

The method to compute S (E/Q) follows from [ ] §5, Lemma 10:
Lemma 2.1. Let d € S¥)(E/Q). Suppose (0,7, 1) is a nonzero integer solution of
do? = d*72 + 4n2p?. Let My, be the curve corresponding to b € (@X/QX2 given by

My o dw? = d*t* 4+ 4n22*, dow — d*7t? — dnPpz? = bu’. (2.6)
Then d € S (E/Q) if and only if there exists b € Q(S,2) such that M, is locally
solvable everywhere.
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Note that the existence of o,7,u follows from Hasse-Minkowski theorem (cf.

[Ser73]).

3. LOCAL COMPUTATION

We need a modification of the Legendre symbol. For z € Q, or € Q such that

ord,(z) is even, we set
—ordy(x)
T Tp
= —]. 3.1
(5)-(*5—) 6

Thus () defines a homomorphism from {z € Q*/Q*%: ord,(x) is even} to {+1}.

3.1. Computation of Selmer groups. In this subsection, we will find the con-
ditions when Cj or C); is locally solvable. We will not give details since one only
need to consider the valuations and quadratic residue.

Lemma 3.1. d € S¥)(E/Q) if and only if d satisfies

(1) d > 0 has no prime factor p =3 (mod 4);

(2) (”/d) =1 for all odd p | d;

(3) ( ) — 1 for all odd p | (2n/d);

(4) if2|d, n==+1 (mod 8).
Proof. In this case Cy : dw? = d*t* +4n?z%. Tt is obvious that Cy4(R) # ) < d > 0.
Assume d > 0.

(i) If 21 d | n, then Cy : w? = d(t* + 4(n/d)%2%).

e p=2 Cy4(Q) #0 <= d=1 (mod 4).

e pld Cy(Qp) # 0 = (#) =1land p=1 (mod 4).

o« ptd Cu(@) #0 (g) =

(i) If 2 | d | 2n, then Cy : w? = d( (2n/d)2z4).

e p=2 Cy(Q) #0 <= d= ( od 8), n=+1 (mod 8).

e 2#£p|d Cy(Qy) #0 = p =land p=1 (mod 4).

o ptd. Cy(Qy) # 0 < (5) 1.
Combining (i) and (ii) follows the lemma. O
Lemma 3.2. d € SY)(E’/Q) if and only if d satisfies

(1) d==+1 (mod 8) orn/d==+1 (mod 8)
(2) ("T{d) =1 forallp|d,p=1 (mod 4);
(3) (%) =1 forallp|(n/d),p=1 (mod 4).

Proof. In the case C/; : dw? = d*t* — n?z%.
(i) If 2 | d, consider the 2-valuation of each side, we see C(Q2) = 0.
(ii) If 24 d | n, then C’} : w? = d(t* — (n/d)?2%).
e p=2. CHQy) #0 <= d==1 (mod 8) or n/d ==+1 (mod 8).
n/d\ _ —n/d\ __
e pld cd(Qp)ﬂ«:)( )—lor (T) —1.

e ptd C)(Qy) # 0 = (5) =1lor (_Td) =1.
Combining (i) and (ii) follows the lemma. O

/_\
v



ON NON-CONGRUENT NUMBERS 5

3.2. Computation of the images of Selmer groups. Suppose 0 < 2d € S¥)(E/Q),
d is odd with no = 3 (mod 4) prime factor, we want to find a necessary condition
for 2d € S (E/Q). Write 2d = 72 4 ;1% and select the triple (o, 7, 1) in Lemma 2.1

to be (2n,n7/d, ). Then the defining equations of My,q in (2.6) can be written

as

w? = 2d(t* + (n/d)?2*), w—7t* — (n/d)pz* = bu®. (3.2)

By abuse of notations, we denote the above curve by M;. We use the notation
O(p™) to denote a number with p-adic valuation > m.
The case p | d. For i, = 7/p (mod pZy), i) € Zy, and i = —1, then

pl(T—ipu), pI(T+ipu)

It’s easy to see v(t) = v(z), we may assume that z = 1, > = :I:i”T" (mod p), then
My is given by

My w? =2d(t* + (n/d)?), w— 71t — (n/d)u = bu’.

(i) If v(bu?) = m > 3, then by w? = (7% + % + O(p™))? = 2d(t* + L3 ),

nT\ 2
t2——) =0(p™).
(u 7 ®™)
Let t? = Z—; + B, where v(8) = a > %, then
nr

dp

S

w? =2d ((”)2 +(

4n?
:?

2 4 o7 2

2 Bt8
TH dp’

14+ = bl

(L =8+ 5 6%,

Take the square root on both sides, then

2 1
w:l:n(lJr(wﬂ
W n

TH a—:
S+ 5 - 5L+ 0 )

2n?

= (2l 0% ).

but on the other hand,

ny

2
w:Tt2+F+bu2:—n+Tﬂ+bu2.
I

The sign must be positive and

) +O( Ja— 2)

oy .(32) - (), () 5) - (5)
(ii) If v(bu?) =m < 2 and t? = %7" (mod p), let t? = ZP" + paiy, then

.m0 (g vy
p

20,
2 . .
w? = 2d - pai, - <% +pa2p) = —4p*. o™
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and

w . [na pdo 9
LTI (1 paa o )

n
bu? =w — 7t — =

2¢ 2 . d
e N L Y et
- o T or) T aar T ) 2070 [+ O,

If v(bu?) = 2, then \/% =+~ (mod p), and

pT

2 niy N 5. [nada 3
L + 2pPi,, [ 22
bu 5 (T —ipp) D1y b In + O(p°)
_ =iy (T — )3 (3T + ipp)
8dr3

__nip(T_ipﬂ)B 3y _ 3

which is impossible! Thus v(bu?) =1 and p | b,
)= )= (50) o (5) - (5)
p p p p p
(iii) If v(bu?) = m < 2 and t* = —i,(n/d) (mod p), then
b =w — 7t* — (n/d)p = (i, — p)n/d + O(p)
=2i,rn/d+0(p) = (1+,)* - 5 -7+ 0(p).

d
thus p{ b and (%) = (%) ("T{d) .

Note that 27 = 7 + pi, (mod p) and (

+0(p*)

2n/d
"T/ = 1, hence we have

Lemma 3.3. The curve M, defined by (3.2) is locally solvable at p | d if and only

if
citer o1, ("0) = (TEEY; o ppy, (4) = (TEE),

The case p | 5. In this case ¢ is a p-adic unit if and only if w is so.
(i) If v(w) = v(t) = 0, then w = 4v/2dt* (mod p) and (+v2d — 7)t? = bu?
(mod p). Since (vV2d — 7)(vV2d + 7) = 2d — 72 = p? and V2d & T are co-prime,

ord,(v2d — 1) is even and (@’T) is well defined. Then My, is locally solvable if

o ()1 () - (27).

(ii) If v(z) = 0 and w = pwy,t = pty, then w} = 2d(p*t? + (ﬁ)%‘*)7 wy =
£v2d752* (mod p) and bu?/p = (£V2d — p)24z* (mod p). Thus M, is locally

and only if
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solvable if and only if

2d db
pb( >1and (n/( )> < )
p p
Note that
z(m—T)(\/ﬁ—u)—(Tw—\@)%»( ) < )
From now on, suppose n = p1---pr = 1 (mod 8) and p; = 1 (mod 4). Pick
ip € Zy such that i> = —1, then
1 V2d \?
M—T——(T+u2p)-§(1—7+mp) .

Note that (%) =1, we have

Lemma 3.4. M, defined by (3.2) is locally solvable at p | % if and only if
p | b7 <2d> =1 and <n/b> = (T + 'an) (2) )
p p p p
orptb, <2d> =1 and <b) = <T+/ﬂp> <2>
p p p p

By Lemmas 2.1, 3.1, 3.3 and 3.4, we have
Proposition 3.5. Suppose n = p1---py = 1 (mod 8) and p; = 1 (mod 4), then
2d € S (E/Q) if and only if d > 0 and (2 ) =1 forpld, (—) =1 forpl|%

In this case 2d € S(® )(E/Q) only if there exists b € Q(S,2) satisfying:
(1) If p|d, i, =7/p (mod pZy), i2 = —1,

s () () e e (2)-(22).

o () (52). o ()-(5)

4. PROOF OF THE MAIN RESULT

4.1. Some facts about graph theory. We now recall some notations and results
in graph theory, cf. | ].

Definition 4.1. Let G = (V, A) be a simple undirected graph. Suppose #V = k.
The adjacency matriz M(G) = (a;;) of G is the k x k matrix defined as

0, ifvu; € A;
%“{ﬁ ﬁwéiA. (1)
The Laplace matriz L(G) of G is defined as
L(G) = diag{ds,...,dr} — M(G)
where d; is the degree of v;.

Theorem 4.2. Let G be a simple undirected graph and L(G) its Laplace matriz.
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(1) The number of even partitions of V is 28=1=" where r = ranky, L(G).
(2) The graph G is odd if and only if r = k — 1.
(3) If G is odd, then the equations

C1 ty
L(G) < : > = < : )
ck t,
has solutions if and only if t1 +--- +tx = 0.
Proof. The proof of the first two parts follows from | ]. We have a bijection
F5/{(0,---,0),(1,---,1)} = {partitions of V'}
(e, en) — (Vo, V1)

where V; = {v; :¢; =i (1 < j <k)}, i € {0,1}.
Regard L(G) = diag{ds, ...,di} — (ai;) as a matrix over Fy. If

Cc1 by
wal()-()on
Ck b

k

k
bi = dici + Zaijcj = Zaij(ci + Cj)
j=1

Jj=1

then if v; € Vi, t € {0,1},

k
= Zaij(t -‘er) = Z ajj = #{1}1 — Vl—t} e Fs.
J=1

Cjzlft

(1) The number of even partitions is

1 c1 0
2#{(01,...,ck)eF§:L(G) ( : ) - <>} _ ok—1-1
Ck 0

(2) follows from (1) easily.
(3) Since L is of rank k£ —1, the image space of L is of dimensional k—1, but it lies
in the hyperplane x1 + - -+ + z; = 0, thus they coincide and the result follows. [

4.2. Graph G(n) and Selmer groups of E and E’. From now on, we suppose
n=mp-pr =1 (mod8) and p; = 1 (mod 4). Recall for an integer a prime

homomorphism from {a € Q*/Q*? : ord,(a) even for p | n} to {£1}. Set

a 1 a
)12
{n} 2 ( n
The symbol [-] is an additive homomorphism from {a € Q*/Q*? : ord,(a) even for p |
n} to Fs.
By definition, the adjacency matrix M (G(n)) has entries a;; = [g—;] For 0 <

d | n, we denote by {d, %} the partition {p:p|d}U{p:p| 5} of G(n).
The following proposition is a translation of results in Lemma 3.1 and Lemma 3.2:

to n, the Jacobi symbol ( ) = Hp‘n (%), which is extended to a multiplicative

Proposition 4.3. Given a factor d of n.
(1) For the Selmer group S*)(E/Q),
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(1-a) d € SY(E/Q) if and only if d > 0 and {d,n/d} is an even partition of

G(n);
C; = . n ti = |—-
0, ifpil%; Di

(1-b) Suppose
Then 2d € S (E/Q) if and only if d > 0 and

o))

(2) For the Selmer group S (E'/Q),

(2-a) d € SY(E'/Q) if and only if d = 1 (mod 8) and {d,n/d} is an even
partition of G(n);

(2-b) 24 ¢ S (F/Q).

Proof. One only has to show (1-b), the rest is easy. For any 4, let [i] be the set of
Jj such that p; and p; are both prime divisors of d or n/d. Then

d n/d
dici + ) aije; = aij(eitej) =) aij = [} o [ / ]

— - Ty pi pi

J# J# J¢li]
Then (1-b) follows from Lemma 3.1. (]

Applying Theorem 4.2(3) to Proposition 4.3, then we have

Corollary 4.4. If G(n) is odd, there exists a unique factor 0 < d < +/2n of n such
that
S@(E/Q) = {1,2d,2n/d,n} = 727 x 7./]2Z,
and
SWNE')Q) = {+1,+n} X Z/27 x Z)21.

For the d given in Corollary 4.4, write 2d = 72 + p2. If 2d € S¥(E/Q),
we suppose b satisfies the condition that M, defined by (3.2) is locally solvable

everywhere. Suppose ¢’ = (¢}, -+ ,c})T and ¢/ = (¢}, -t},)" are given by
T+ /u’p]} i
. T8 e | d,
o 1, ifp;|b, L [ pi pj |
J 0’ lprTb’ J |:2(T+/'L2pj):| lfp | n
by 7 s

By Proposition 3.5, Lc’ = t/, i.e., Lv = t’ has a solution v = ¢/, which means that
the summation of #; must be zero in Fy by Theorem 4.2(3).

Definition 4.5. Suppose n is given such that G(n) is an odd graph. For the unique
factor d given in Corollary 4.4, write 2d = 72+ p? and 2 = 72+ 2. Let i € Z/nZ
be defined by

=T =T n
Z:,u (mod d), z_lu/ (mod d).
We define
T+ i 2
= — F 4.2
o= | 1 2] e (1.2

Then the following is a consequence of Proposition 3.5.
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Corollary 4.6. If G(n) is odd and §(n) =1, then
SO(E/Q) = {1}.

Proof. Let \* be the Fa-rank of S(*)(E/Q), A be the Fy-rank of S(¥)(E/Q), then
A = 2. The existence of the Cassels’ skew-symmetric bilinear form on III implies
that the difference A — A* is even.
By the above analysis, 6(n) = >t} # 0, thus 2d ¢ S5 (E/Q), we have \* < )\,
J

A =0. O

Remark. If we replace d by 2 in the definition, §(n) is invariant. Indeed, [2] = [77al-
For the other term,

T (T T+ i

=)= e )

where i = 7/p (mod d), i’ = 7'/i/ (mod n/d). Let u= (77" — pp')/2, v = (i —
ut’)/2, then

u+vi =1+ pi) (7 +pi)2=7(7 + 4 - %)

=ru(r'p+ )/ p® = (7 + p)?/p? - v/2 (mod d).
Similarly, u +vi’ = (7" + p/)?/u'? - v/2 (mod (n/d)). If we interchange d and n/d,

d(n) will differ
T+ i T+ pi’ 7+ ' T+ i
NN

-l P = [+

-[21-[3)- [ -ver.

n v

Thus §(n) does not change, which implies that d(n) does not depend on the choice
of d, 7, u and only depend on n.

4.3. Proof of the main result.

Proof of Theorem 1.2. We shall use the fundamental exact sequence (2.1) and the
commutative diagram in §2 frequently.

Since E(Q)sor NYE'(Q) = {0} and #E(Q)tor = 4, #E(Q)/YE'(Q) > 4. Since
G(n) is odd, #50)(E'/Q) = 4 and #E(Q)/$E/(Q) = 4, by (2.1), II(E'/Q)[¢] =
0. Apparently SW)(E'/Q) D E(Q)/¥E'(Q) and thus #S¥)(E'/Q) = 4.

By Corollary 4.6, S¢)(E/Q) = {1}, then #E'(Q)/pE(Q) = 1. The facts that
#E(Q)/VE'(Q) =4 and E(Q)tor = (Z/27)? imply that #E(Q)/2E(Q) = 4 and

rankz F(Q) = rankz E'(Q) = 0.
From I1I(E'/Q)[¢] = E'(Q)/¢E(Q) = 0, the diagram tells us that
I(E/Q)[2] = II(E/Q)[¢] = S¥)(E/Q) = Z/2Z x Z/2Z,
and (2.3) tells us that
MI(E'/Q)[2] = HI(E'/Q)[¢] = 0.
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Hence II(E’/Q)[2%°] = 0 and III(E’'/Q)[2%y] = 0. By the exact sequence
0 — II(E/Q)[y] — MI(E/Q)[2¥] — I(E'/Q)[2" ],
we have for every k € N,
I(E/Q)[2"] = II(E/Q)[¢] = (Z/22)?,
and thus HI(E/Q)[2°] = (Z/27)3. O

Proof of Corollary 1.5. In this case, d =1 and 7 = p =1, §(n) = [H"/jl}, thus

n

the result follows. O
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